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Abstract 

The first aim of this paper is to construct new generating functions for the 
generalized A-Stirling type numbers of the second kind, generalized array type 
polynomials and generalized Eulerian type polynomials and numbers, attached 
to Dirichlet character. We derive various functional equations and differen- 
tial equations using these generating functions. The second aim is provide 
a novel approach to deriving identities including multiplication formulas and 
recurrence relations for these numbers and polynomials using these functional 
equations and differential equations. Furthermore, by applying p-adic Volken- 
born integral and Laplace transform, we derive some new identities for the 
generalized A-Stirling type numbers of the second kind, the generalized array 
type polynomials and the generalized Eulerian type polynomials. We also give 
many applications related to the class of these polynomials and numbers. 
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1. Introduction, Definitions and Preliminaries 
Throughout this paper, we use the following standard notations: 

N = {1, 2, 3,. . . }, No = {0, 1, 2, 3,. . . } = N U {0} and = {-1, -2, -3,. . . }. Here, 
Z denotes the set of integers, M denotes the set of real numbers and C denotes the set of 
complex numbers. We assume that ln(2;) denotes the principal branch of the multi-valued 
function ln{z) with the imaginary part (ln(2;)) constrained by 

—IT < 53 (ln(z)) < 7r. 
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Furthermore, 

' 1 n = 
n e N, 



X \ _ x{x - 1) ■ ■ ■ {x - V + 1] 
V J ~ v\ 



and 



= 1 and {2}^. = Y[{z - d), 



d=0 



where j e N and z e C cf. ([13], [29]). 

The generating functions have various apphcations in many branches of Mathematics 
and Mathematical Physics. These functions are defined by hnear polynomials, differential 
relations, globally referred to as functional equations. The functional equations arise in 
well-defined combinatorial contexts and they lead systematically to well-defined classes of 
functions (cf. see, for detail, [IE]). Although, in the literature, one can find extensive inves- 
tigations related to the generating functions for the Bernoulli, Euler and Genocchi numbers 
and polynomials and also their generalizations, the A-Stirling numbers of the second kind, 
the array polynomials and the Eulerian polynomials, related to nonnegative real parameters, 
have not been studied yet. Therefore, Section 2, Section 3 and Section 4 of this paper deal 
with new classes of generating functions which are related to generalized A-Stirling type 
numbers of the second kind, generalized array type polynomials and generalized Eulerian 
polynomials, respectively. By using these generating functions, we derive many functional 
equations and differential equations. By using these equations, we investigate and introduce 
fundamental properties and many new identities for the generalized A-Stirling type numbers 
of the second kind, the generalized array type polynomials and the generalized Eulerian type 
polynomials and numbers. We also derive multiplication formulas and recurrence relations 
for these numbers and polynomials. 

The remainder of this study is organized as follows: 

In section 5, we derive new identities related to the generalized Bernoulli polynomials, the 
generalized Eulerian type polynomials, generalized A-Stirling type numbers and the gener- 
alized array polynomials. 

In section 6, we give relations between generalized Bernoulli polynomials and generalized 
array polynomials. 

In section 7, We give an application of the Laplace transform to the generating functions 
for the generalized Bernoulli polynomials and the generalized array type polynomials. 

In section 8, by using the bosonic and the fermionic p-adic integral on Zp, we find some new 
identities related to the Bernoulli polynomials, the generalized Eulerian type polynomials 
and Stirling numbers. 
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2. Generating Function for generalized A-Stirling type numbers of the 



The Stirling numbers are used in combinatorics, in number theory, in discrete probabihty 
distributions for finding higher order moments, etc. The Stirhng number of the second kind, 
denoted by S{n, k), is the number of ways to partition a set of n objects into k groups. These 
numbers occur in combinatorics and in the theory of partitions. 

In this section, we construct a new generating function, related to nonnegative real pa- 
rameters, for the generalized A-Stirling type numbers of the second kind. We derive some 
elementary properties including recurrence relations of these numbers. The following defini- 
tion provides a natural generalization and unification of the A-Stirling numbers of the second 
kind: 

Definition 1. Let a, b & M"*" (a ^ b), X ^ C and v E Nq. The generalized X- Stirling type 
numbers of the second kind S{n,v] a,b] A) are defined by means of the following generating 
function: 



Remark 1. By setting a = 1 and b = e in we have the X- Stirling numbers of the 

second kind 

iS(n, v; 1, e; A) = S{n, v; A) 
which are defined by means of the following generating function: 



cf- f|29j. |46] ). Substituting A = 1 into above equation, we have the Stirling numbers of the 
second kind 

S{n, v; 1) = S{n, v), 
cf- f|13j. [2^ . [15] j. These numbers have the following well known properties: 



SECOND KIND 




(2.1) 



n=0 




n=0 



S{n,0) = 6nfi, 

S{n, 1) = S{n, n) = 1 



and 




where Snfi denotes the Kronecker symbol (see [13], [29], [16] ). 



By using (12. ip . we obtain the following theorem: 



Theorem 1. 



S{n, v; a, 




n 



(2.2) 
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and 

S{n, V- a, A) = ^ Y^i-lf-' ( J ) 0' + {v - j) In a)" . (2.3) 

Proof. By using ( I2.ip and the binomial theorem, we can easily arrive at the desired results. 

□ 

By using the formula (12. 2p . we can compute some values of the numbers S{n, v; a, b; A) as 
follows: 

5(0,0; a, 6; A) = 1, 

5(0,0; a, 6; A) = 1, 

5(1,0; a, 6; A) = 0, 

'b^ 
a 

5(2,0; a, 6; A) = 0, 



5(1, 1; a, 6; A) = In 



and 



5(2,1; a, 6; A) = A (In b)^ - (In a)% 
5(2, 2; a, 6; A) = — (in b^Y - X In (ab) + (in a^) ^ 



5(3,0; a, 6; A) = 0, 
5(3,1; a, 6; A) = A (In 6)^ - (In 

5(0, t;; a, 6; A) = , 
5(n,0;a, 6; A) = 6n,o 

5(n, 1; a, b; X) = X (In 6)" — (In a)^ . 



Remark 2. By setting a = 1 and b = e in the assertions ^2.2\l of TheoremUl we have the 
following result: 



j=0 

The above relation has been studied by Srivastava [46j and Luo ^29]. By setting X = 1 in the 
above equation, we have the following result: 

5(n,z;;A) = lX^[^ V-l)Mt^-jr 

cf m, M, M, m, m, m, m, m, m, m)- 
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By differentiating both sides of equation (12. ip with respect to the variable t, we obtain 
the following differential equations: 

d 

—fs,v{t;a,b;X) = {X{\nb)b^ - {\na)a^) fs,,-i{t; a,b; \) 

or 

^fs,v{t;a,b;\) = v\n{b)fs,v{t;a,b;\) + \n fs,v-i{t; a,b; X). (2.4) 

By using equations (12. ip and (12. 4p . we obtain recurrence relations for the generalized 
A-Stirling type numbers of the second kind by the following theorem: 

Theorem 2. Let n,v gN. 

5(n, t;; a, 6; A) = ^ p " M 5(j, z; - 1; a, 6; A) (a {1^^' " (ln(«))"~') • (2.5) 

or 



S{n,v; a,b; X) = v\ia{b)S{n — l,v; a,b; X) 

+ 1^ (^) E ( 7 ^ ) ^ - 1' ^) 



i=o 

Remark 3. By setting a = 1 and b = e, Theorem\^ yields the corresponding results which 
are proven by Luo and Srivastava [29| Theorem 11]. Substituting a = X = 1 and b = e into 
Theorem\^ we obtain the following known results: 

n-l 



3=0 

and 

S{n, v) = vS{n — 1, f ) + S{n — 1, t> — 1), 

of. m, m, m, m, m, m)- 

The generalized A-Stirling type numbers of the second kind can also be defined by equation 
dH: 

Theorem 3. Let A; G No and A G C. 

A-(lnfe^')'" = EE ( T ) ( ■ ) j!'5(/,,;a,6;A) (in (a(--)))--^ (2.6) 
Proof. By using (12. ip . we get 

oo ^ X oo .m °o 4.n 

j=Q ^ ^ m=0 ■ n=0 

From the above equation, we obtain 

oo oo oo / X .m°° fn 

^"E('°''rS? = EEn )3'-S(m,r,aMX)-,Y.<^na'->T-, 

m=0 ' m=0 j=0 ^ ^ ■ n=0 
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Therefore 

d"')"'^ = E EE ( 7 ) ( ; ) A) (lna(-))"-' 1^. 

m=0 ■ m=0 \«=0 j=0 ^ / ^ / / ' 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

Remark 4. For a = and b = e, the formula Ii2.6\} can easily be shown to be reduced to the 
following result which is given by Luo and Srivastava [29, Theorem 9]; 

1=0 ^ ^ 

where n G Nq and A G C. For A = 1, the above formula is reduced to 

cf m, m, m, m)- 



3. Generalized array type polynomials 

By using the same motivation with the A-Stirhng type numbers of the second kind, we also 
construct a novel generating function, related to nonnegative real parameters, of the gen- 
eralized array type polynomials. We derive some elementary properties including recurrence 
relations of these polynomials. The following definition provides a natural generalization 
and unification of the array polynomials: 

Definition 2. Let a, b & IR+ (a ^ b), xgM, AgC and f G Nq- The generalized array type 
polynomials S'!^{x; a, b; A) can be defined by 

S:{x- a, A) = ^ Y.{-ir-' (In (a-^6^'+^))" . (3.1) 

By using the formula (13.11) . we can compute some values of the polynomials 5"(a;; a, 6; A) 
as follows: 

S^{x-aM A) = (ln(6-))^ 
5°(x;a,6;A) = ^i^ 

and 

Sl{x-a,b- A) = -ln(afo^) + Aln(6^+^). 

Remark 5. The polynomials S^{x; a, b; A) may be also called generalized X-array type poly- 
nomials. By substituting x = into liS. we arrive at Ii2.3\) : 

5"(0; a, b; A) = S{n, v; a, b; A). 
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Setting a = X = 1 and b = e in ^3. 1\) . we have 



j=0 

a result due to Chang and Ha jil2| Eq-(3.1)], Simsek ^3]. It is easy to see that 

S'oix) = S:{x) = 1, 

and for v > n, 

s:{x) = 

of. [T2lEq-(3.1)]. 

Generating functions for the polynomial S^{x; a, b, c; A) can be defined as follows: 

Definition 3. Let a, b & M"*" fa 7^ A G C and f G Nq. The generalized array type 
polynomials i5"(x; a, 6; A) are defined by means of the following generating function: 

°° t" 
g^{x, t; a, 6; A) = S"{x; a, b;X) — . (3.2) 

Theorem 4. Let a, b e M+, (a b), X e C and v G Nq. 

g^{x, t- a, A) = ^ (A6* - a'Y fe^*. (3.3) 
Proof. By substituting (13. ip into the right hand side of (13.21) . we obtain 

00 j.n ^ f T / \ 

n=0 n=0 \ j=0 ^ ^ 



n 1 t 



Therefore 



n— n -I — n ^ ^ r)— n 



n=0 j=0 ^ ^ n=0 

The right hand side of the above equation is the Taylor series for e*-^'^'^" ^^))* ^ thus we get 



°° / 1 / 

$:5:(x;a,M)-= -$:(-l)- 

n=o ■ V ■ j=o ^ 



By using (12. ip and binomial theorem in the above equation, we arrive at the desired 
result. □ 

Remark 6. // we set X = 1 in liS. 3\) . we arrive a new special case of the array polynomials 
given by 

°o j.n 

fsAt;a,b)b'^ = y2s:{x;a,b)-. 

n=0 

In the special case when 

a = X = 1 and b = e, 
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the generalized array polynomials a, b; A) defined by jiS. 3\} would lead us at once to the 

classical array polynomials S^{x), which are defined by means of the following generating 
function: 



vl ^-^ nl 

n=0 



which yields to the generating function for the array polynomials 5'"(x) studied by Chang 
and Ha [12j see also cf 

The polynomials S^{x; a, b; A) defined by (13.31) have many interesting properties which we 
give in this section. 
We set 

g^{x, t; a, b; A) = b''^fs,v{t] a, b; A). (3.4) 



Theorem 5. The following formula holds true: 



j=0 

Proof. By using (13. 4p . we obtain 



Sl^{x;a,b;X) = ( ^ ) a,b; X) (\nU 



x\n-] 



(3.5) 



oo 



n=0 ra=0 ri=0 



From the above equation, we get 



5^5:(x;a,6;A)- = J] 5^ ^ \ SU,v-a,b) {Inb^^^-^ ' 



ni 



n=0 n=0 \j=0 

Comparing the coefficients of on both sides of the above equation, we arrive at the 
desired result. □ 

Remark 7. In the special case when a = X = 1 and b = e, equation 5\) is reduced to 

3=0 ^ ■' ^ 

cf- Theorem 2]. 

By differentiating j times both sides of (13. 3 p with respect to the variable x, we obtain the 
following differential equation: 

-gy{x,t;a,b; A) = t^ (In 6)^ gy{x,t; a,b; A). 



^X^^ 

From this equation, we arrive at higher order derivative of the array type polynomials by 
the following theorem: 

Theorem 6. Let n, j with j < n. Then we have 



dx^ 



S:{x- a, b- A) = {n}, (ln(6))^ (x; a, b; A). 



New Generating Functions of the Stirling numbers, Frobenius-Euler and Related polynomials 9 

Remark 8. By setting a = X = j = 1 and b = e in Theorem\^ we have 

±S:{x) = ns:-\x) 

of. m- 

From (13. 3p . we get the following functional equation: 

g^^{xi,t]a,b] X)gy2{x2,t;a,b; X) = (^^^ ^J"^ ^ g^^+^^{xi + X2,t;a,b; X). (3.6) 

From this functional equation, we obtain the following identity: 
Theorem 7. 



Proof. Combining (13 ■2p and (13. 6p . we get 

J]5^^(xi; a, ft; A) — ^ ^5^2 (3^2; a, 6; A)- 



l {xi-a,b] X)S!^ ^{x2;a,b; A). 



n=0 n=0 
00 

Vi + V2 



Vl 



\ ^S'^^^^^{xi + X2;a,b- A) — . 

^ n=0 



Therefore 



E ( E f ! ^5 (^2; a, 6; A) ) ^ 

n=0 \j=0 ^ ^ J 

j ^5,%„^(a;i + X2;a,6; A)-. 

/ n— n 



00 

Vl + V2 



Comparing the coefficients of |j on both sides of the above equation, we arrive at the desired 



result. □ 



4. Generalized Eulerian type numbers and polynomials 

In this section, we provide generating functions, related to nonnegative real parameters, 
for the generalized Eulerian type polynomials and numbers, that is, the so called generalized 
Apostol type Frobenius Euler polynomials and numbers. We derive fundamental properties, 
recurrence relations and many new identities for these polynomials and numbers based on 
the generating functions, functional equations and differential equations. 

These polynomials and numbers have many applications in many branches of Mathematics. 

The following definition gives us a natural generalization of the Eulerian polynomials: 



10 Yilmaz Simsek 



Definition 4. Let a, b & (a 7^ 6), x G M, A G C and u G C\{1}. The generalized 
Eulerian type polynomials T-Lnix; u; a, b, c; A) are defined by means of the following generating 
function: 



{ O,^ Zt] c^^ ^ t^ 

Fx{t,x;u,a,b,c) = — — = y^'Hn{x;u;a,b,c; A) — . (4.1) 

Xb^ — u ^-^ n\ 

By substituting x = into (14. ip . we obtain 

'H„(0; u] a, b, c; A) = 'H„(m; a, 6, c; A), 
where Hniu; a, b, c; A) denotes generalized Eulerian type numbers. 
Remark 9. Substituting a = 1 into we have 



E'H„(a;; u;l,b,c; A)- 



Ao^ — M ^ — ^ n! 

n=0 

a result due to Kurt and Simsek [25] . In their special case when A = 1 and b = c = 
e, the generalized Eulerian type polynomials 'H„(x; 1, 6, c; A) are reduced to the Eulerian 
polynomials or Frobenius Euler polynomials which are defined by means of the following 
generating function: 

ii^^ = f:i/„(x;.)^, (4.2) 

n=0 

with, of course, Hn{0;u) = Hn{u) denotes the so-called Eulerian numbers cf. (]8], [7], [9], 
[ID], 122], iS], [21], [SS], [ID], [IZ], [SI]j. Substituting u = -1, into g^, we have 

Hn{x- -1) = Er,{x) 

where En{x) denotes Euler polynomials which are defined by means of the following generating 
function: 

n„xt °^ j.n 

-,=Y.En{xr- (4.3) 
1 n\ 



n=0 



where \t\ < tt c/. [T]-|53]. 



The following elementary properties of the generalized Eulerian type polynomials and 
numbers are derived from their generating functions in (14. ip . 

Theorem 8. (Recurrence relation for the generalized Eulerian type numbers): For = 0, 
we have 

noiu;a,b;X) = < 

Forn > 0, following the usual convention of symbolically replacing {'H{u; a, b; A))" by Hniw, cl, b 
we have 

A (In 6 + Ti^u] a, b; A))" — uHniu; a, b; A) = (In a)" . 
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Proof. By using f l4.ip . we obtain 

> (\na)^ — — u=y (X(\nb + Hiu; a,b; X))^ — uHniu; a,b; X)) —. 
^-^ n\ ^-^ n\ 

n=0 n=0 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

By differentiating both sides of equation (14. ip with respect to the variable x, we obtain 
the following higher order differential equation: 

—Fx{t,x;u,a,b,c)= {\n {c^)y Fx{t,x;u,a,b,c). (4.4) 

From this equation, we arrive at higher order derivative of the generalized Eulerian type 
polynomials by the following theorem: 

Theorem 9. Let n, j & N with j < n. Then we have 

'O^T^nix; u] a, 6, c; A) = {n}- (In (c))-' Hn-jix; u; a, b, c; A). 
Proof. Combining (14. ip and (14. 4p . we have 

22-Q^^n{x;u;a,b,c; A)— = (In c)^ "^"(^5 a,b,c; >^)-^- 

n=0 n=0 

From the above equation, we get 

—'Hni.x] u] a, 6, c; A)— = (Inc)^ ^ {n}. Hn-ji^x] u; a, b, c; A) — . 

n=0 ■ n=0 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

Remark 10. Setting j = 1 in Theorem{^ we have 

d 

TT-T-inix] u; a, b, c; A) = riHn^iix; u; a, b, c; A) In (c) . 
ox 

In their special case when 

a = A = 1 and b = c = e, 
Theorem is reduced to the following well known result: 

Ql Ti! 

tHJx; u) = '—-H„,_Ax;u) 



cf. [H Eq-(3.5)]. Substituting j = 1 into the above equation, we have 

d 



g^Hnix; u) = nHn-lix; u) 



cf m Eq-(3.5)], [23i;. 



12 Yilmaz Simsek 

Theorem 10. The following explicit representation formula holds true: 
(x In c + In a)" — mx" (In c)" 
= X {xln c + \nb + Ti^u; a, b; A))" — -u (x In c + Ti^u; a, b; A))" . 

Proof. By using (14. ip and the umbral calculus convention, we obtain 

0^ ~ U ^ ^H{u;a,b;\)t 



From the above equation, we get 

((In a + xlnc)" — m (xlnc)) — 

n=0 ^' 

= 7 (A (H (it; a, 6; A) + Infe + xlnc)" — M ("Hn (m; a, 6; A) + xlnc)"") — . 

n=0 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
resuh. □ 

Remark 11. By substituting a = A = 1 and b = c = e into Theorem [70| we have 

{l-u)x'' = Hn{x + l;u) -uHn{x;u) (4.5) 

cf. Eq-(3.3)], [5T]j. By setting u = —1 in the above equation, we have 

22;" = En{x + 1) + En{x) 

a result due to Shiratani [38] • By using ( [^.5] ), Carlitz |8] studied on the Mirimonoff poly- 
nomial fn{0,m) which is defined by 

m—l 

m—j — 1 



fnix,m) = ^(x + j)"u-' 

j=0 

Hn{x + m;u) — u"^Hn{x; u) 



1-u 

By applying Theorem[T^ one may generalize the Mirimonoff polynomial. 
Theorem 11. The following explicit representation formula holds true: 



T-Lnix; u; a, 6, c; A) = ^ ^ ^ ^ (x Inc)" ^ Tij^u; a, b, 



c;A). (4.6) 



j=0 

Proof. By using (14. ip . we get 



E'Hniu;a,b,c; A)— ^(Inc)"— = y^ 'Hnix;u;a,b,c; A) — . 

n=0 n=0 n=0 

From the above equation, we obtain 

j ) (a^lnc)""^?/j(u;a,6,c; A) J — = ^H„(x;^z;a,6,c; A) — . 

n=0 \j=0 ^ ^ / ■ n=0 
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Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

Remark 12. Substituting a = X = 1 and b = c = e into ^.6^ , we have 

H^{x-u) = Y,(''^\x-^H,{u) 

cf. m, m, m, m, m, m, m, m, m, m)- 

Remark 13. From (^7^, we easily get 

T-Lnix; u; a, b, c; A) = (Tii^u; a, b, c; A) + x In c)"" , 

where after expansion of the right member, 'H"'{u] a, b, c; A) is replaced by 1-Ln{u; a, b, c; A), we 
use this convention frequently throughout of this paper. 

Theorem 12. 



n„{x + y;u;a,b,c;X) = ^ (^^^ (y In c)" ^ 



{x;u;a,b,c;X). (4.7) 



Proof. By using fl4.ip . we have 



V-nix + y;u; a, b, c; A)— = (2/ In c)'' — . 'H„(a;; u; a,b,c; X)- 

n=0 n=0 n=0 

Therefore 

"^Unix + y]U]a,b,c]X)— = ^^i j {y\nc)''~^ Hj{x,u; a,b,c; X) — . 
Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 



result. □ 

Remark 14. In the special case when a = X = 1 and b = c = e, equation i4.1\) is reduced to 
the following result: 



j=0 

cf. |8i Eq-(3.6)]. Substituting u = —1 into the above equation, we get the following well- 
known result: 



E^{x + y) = j2('')y''-'E, 



[x). {A.i 



By using (14. ip . we define the following functional equation: 

Fy2{t, x; u^, a^, 6^, c)c^* = Fx{t, x; u, a, b, c)Fx{t, y; —u, a, b, c). (4.9) 

Theorem 13. 

'Hnix + y; u^] a, b, c; A^) = ('H(x; u; a, b, c; A) + T-L^y; —u; a, b, c; A))" . (4.10) 
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Proof. Combining f l4.9p and (14. 7p . we easily arrive at the desired result. □ 

Remark 15. In the special case when a = X = 1 and b = c = e, equation ^-lOj ) is reduced 
to the following result: 



3=0 

cf PEq-(3.17)]. 
Theorem 14. 

{-iTUnil - x-u-^-a,h,c-\-^) = \ Y^^(^ ^ ^ (^^(a)) - 1' ^ c; A). 

Proof. By using (14. ip . we obtain 

^^u~t \ = ~ y^UnKx -l]U]a,b,c]\) — 
^ ' n=0 

From the above equation, we get 

'H„(l — x; w"""^; a, 6, c; A"^) 



n=0 



Therefore 



,n=0 / \n=0 

"A 

n! 



V(-ir?{„(l-x;?/-i;a,6,c; A^^)- 

n=0 



ri=0 \ jr=0 



Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 



result. □ 

Remark 16. In their special case when a = X = 1 and b = c = e, TheoremYT^ is reduced to 
the following result: 

[-lYHn{l-x; u-') = H4x-l,u) 

cf. [HI Eq-(3.7)]. Substituting u = —1 into the above equation, we get the following well- 
known result: 

-x) = Er,{x) 

cf m Eq-(3.7)], [T5], [36], [3H], m)- 
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Theorem 15. 

x + y 2 T / n \ Hjix-jU; a,b,c; X)'Hn-jiy', —u; a,b, c; X) 



Proof. By using (I4.ip . we get 



n=0 ^ ^ 

oo / n ^ \ 

5Z 5Z ( 'J j^j{x;u;a,b,c]X)'Hn-j{y]-u]a,b,c; 

r)=n V o— n V / 



n! 



ri,=0 \j=0 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

Remark 17. When a = X = 1 and b = c = e, Theorem\l^is reduced to the following result: 



cf 0Eq-(3.17)]. 



4.1. Multiplication formulas for normalized polynomials. In this section, using gen- 
erating functions, we derive multiplication formulas in terms of the normalized polynomials 
which are related to the generalized Eulerian type polynomials, the Bernoulli and the Euler 
polynomials. 

Theorem 16. (Multiplication formula) Let y E N. Then we have 

'Hn{yx;u;a,b,b; X) (4.11) 

where Hn (x; u) and Hn {u) denote the Eulerian polynomials and numbers, respectively. 
Proof. Substituting c = b into (14.11) . we have 

Y,nnix;u;a,b,b;X)-= \^ = )^ 4.12 

n=0 u 

By using the following finite geometric series 
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on the right-hand side of f l4.12p . we obtain 

1^ ^n(x; u- a, b, fe; A)^ = _ / A^ixn 2^ ( V J ' 

n=0 \ \ u ) j j=0 ^ ' 

From this equation, we get 

^ t" _ (g* -u) ^ jgy' - uy) 

Now by making use of the generating functions (14. ip and (14. 2p on the right-hand side of the 
above equation, we obtain 



y^Hnix; u; a, b, b; A) 

n=0 

:y— 1 , o / oo 



Therefore 



1-uy ^ u^+^-y \^ \ y - y^i 

j=0 \n=0 ^ ^ ^ 



y^/Hn{x]U]a,b, b] A) — 

n=0 

n=0 fe=0 i=0 ^ ^ ^ ^ ^ 

X ( ( -; ) - uHn-k {uy) ^ 



By equating the coefficients of ^ on both sides, we get 

Tinix; u; a, b, b; A) 



f n \ y^'X^lna)'" fx + j , , \y\ 



EE 

A;=0 i=0 

X ( Hn-k \-]Uy] - uHn-k {uy' 



Finally, by replacing x by yx on both sides of the above equation, we arrive at the desired 
result. □ 

Remark 18. By substituting a = 1 into Theorem[T^ for n = k, we obtain 

■Hniyx; u- 1, 6, b- A) = y^uy-'^^ V (x + ^; w^; 1, 6, 6; A^) . (4.13) 

1 — uy ^-^ W \ y j 
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By substituting b = e and A = 1 into the above equation, we arrive at the multiplication 
formula for the Eulerian polynomials 

H^{yx- u) = y-uy-'^l^ (x + uy) , (4.14) 

j=o \ y / 

cf- (IS]; 13 Eq-(3.12)]j. If u = —1, then the above equation reduces to the well known 
multiplication formula for the Euler polynomials: for y is an odd positive integer, we have 

i?nM = y"V(-iyi?Jx + ^ , (4.15) 

where En{x) denotes the Euler polynomials in the usual notation. If y is an even positive 
integer, we have 

E4yx) = ^ |^(-l)^i?n + (4.16) 
where Bn{x) and En{x) denote the Bernoulli polynomials and Euler polynomials, respectively, 

cf m, m)- 

To prove the multiplication formula of the generalized Apostol Bernoulli polynomials, we 
need the following generating function which is defined by Srivastava et al. [IBl pp. 254, Eq. 
(20)]: 

Definition 5. Let a,b,c E with a ^ b, x E M and n eNq. Then the generalized Bernoulli 
polynomials QS^T'' {x; A; a, b, c) of order a E C are defined by means of the following generating 
functions: 

fs(x,a,b,c-X;a) = c^' = Y,^i^\x- X;a,b,c)-, (4.17) 

where 

tln(^) +lnA < 2n 
and 

r = 1. 

Observe that if we set A = 1 in f l4.17p . we have 

(^j c- = 5:^i")(x;a,6,c)-. (4.18) 

^ ' n=0 

If we set x = in f l4.18p . we obtain 

[Vh) -E'Bi-Ha.'O^j. (4.19) 
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with of course, ^l^\x;a,b,c) = ^l^\a,b), cf. ([30]-[3T], [21], [IS], [26], [32], [31], [35], [17], 
9], [16], [IE]). If we set a = 1 in fICTll and fgTSl) . we have 

5Z^n(a,6)- (4.20) 



6* — a* n 

n=0 



and 



which have been studied by Luo et al. [30]- [31]. Moreover, by substituting a = 1 and 
b = c = e into ( 14.17p . then we arrive at the Apostol-Bernoulh polynomials Bn{x; A), which 
are defined by means of the following generating function 



U--, c- = $:^„(a:;a,6,c)-, (4.21) 

^ ^ n=0 



These polynomials -B„(x; A) have been introduced and investigated by many Mathematicians 
cf. ([3], [^, [H], [21], [25], [21], [35], [H], [17]). When a = A = land6 = c = e into flCTj) 
and dMH), 55„(a,6) and <B„( ) reduce to the classical Bernoulli numbers and the 

classical Bernoulli polynomials, respectively, cf. [T]-|53]. 

Remark 19. The constraints on \t\, which we have used in Definition and lji4-3{ ), are 
meant to ensure that the generating function in ^.l^^ and ^4-3^ are analytic throughout 
the prescribed open disks in complex t-plane (centred at the origin t = 0) in order to have 
the corresponding convergent Taylor- Maclaurin series expansion (about the origin t = 0) 
occurring on the their right-hand side (with a positive radius of convergence) cf. [49] . 

Theorem 17. Let y Then we have 

Proof. Substituting c = b and a = 1 into (14.171) . we get 



Therefore 



n! V ^ X^by* - 

n=0 ^ j=0 



y^J8n{x;X;a,b, c) — 

n=0 
oo n J/— 1 

n=0 1=0 j=0 



oo n y-1 , , \ +n 

E E E ( " ) ^' - 1 - J) (^i ^A \rv 
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Comparing the coefficients of ^ on both sides of the above equation, we get 

^^:\x- A; a, 6, c) = |] ^ ^ A^- {{k-l- j) In a)"-' y^'^^i X^- a, 6, . 

By replacing x by yx on both sides of the above equation, we arrive at the desired resuh. □ 

Remark 20. Kurt and Simsek [26j proved multiplication formula for the generalized Bernoulli 
polynomials of order a. When a = X = 1 and b = c = e into Theorem 17, we have the mul- 
tiplication formula for the Bernoulli polynomials given by 

•y-i 



j=0 

cf m, m, m, m, m, m, m, m, m, m, m)- 

If / is a normalized polynomial such that it satisfies the formula 

fn{yx) = y''-'Y.fnU+^-) , (4.23) 

then / is the yth degree Bernoulli polynomial due to fl4.22p cf. ([7], [53]). According to 
Nielsen [7], if a normalized polynomial satisfies f l4.22p for a single value of y > 1, then it is 
identical with Bm{x). Consequently, if a normalized polynomial satisfies f l4.13p for a single 
value of y > 1, then it is identical with 'H„(x; m; 1, fo, 6; A). The formula fl4.16p is different. 
Therefore, for y is an even positive integer, Carlitz [3 Eq-(1.4)] considered the following 
equation: 

.1 y-i 



gn-iiyx) = -— — y^i-iyfn (x + 

n \ yJ 



j=0 

where gn-i{x) and /„(x) denote the normalized polynomials of degree n — 1 and n, respec- 
tively. More precisely, as Carlitz has pointed out [3 p. 184], if ?/ is a fixed even integer > 2 
and fn{x) is an arbitrary normalized polynomial of degree n, then fl4.16p determines gn-i{x) 
as a normalized polynomial of degree n — 1. Thus, for a single value y, (14.160 does not suffice 
to determine the normalized polynomials gn-i{x) and fn{x). 

Remark 21. According to ^.231 ), the set of normalized polynomials {fn{x)} is an Appell 
set, cf [7]. 

We now modify fl4.ip as follows: 

= Yl ^"(^' ^5 (4.24) 

^ n=0 

where 



r = i, ^7^1. 
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The polynomial Unix; C,',a,b, c; A) is a normalized polynomial of degree m in x. The poly- 
nomial H„(x; ^; 1, e, e; 1) may be called Eulerian polynomials with parameter ^. In particular 
we note that 

nnix; -1; l,e,e; 1) = En{x) 
since for a = A = 1, 6 = c = e, equation fl4.24p reduces to the generating function for the 
Euler polynomials. 

By means of equation (14.111) . it is easy to verify the following multiplication formulas: 
If y is an odd positive integer, then we have 

,n-l / \ \ j 



nn^,{yx;^;a,b,b;X) = ^ ^ <B„ (^x + ^; 6; A^^ (4.25) 



where 



k=0 j=0 



nk{x + ^-; 1, b, b- =^n[x + ^; 6; A^ 



If y is an even positive integer, then we have 

,n y-^ 



nn{yx-^;a,b,b;X) = ^ ^ g„ (^x + ^; 6; A^^^ (4.26) 



j=0 

n y-l 

EE 

fc=0 jr=0 

where 

Hu [x + ^; l,b,b; A^^ =(£n(^x+ ^; b; A^ 

where £„(x;a, 6, c) denotes the generalized Euler polynomials, which are defined by means 
of the following generating function: 



t 



6* - a* 



) = ^<£n{x;a,b,c) — 



n=0 

cf. m-m, m, m, m, m)- 

Remark 22. If we set a = X = 1 and b = e, then l\4-^5^ ^^^^ ( [^.i^6y reduce to the following 
multiplication formulas, respectively: 

//n-i(yx;e) = ^(l-i)X:^5„(x+^) 

cf m Eq. (3.3)] and 

Hn{yx;0 = 'i[l-^yf.^E^.{- + ^)- 
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Let fn{x) and gn{x) he normalized polynomials in the usual way. CaWzte [3, Eq. (3.4)] defined 
the following equation: 

-1 



(1 - p)y-' ^ ^, , / A 

9n-l{yx) = 2^P'fn\X+-j 



j=0 

where p is a fixed primitive rth root of unity, r > 1, y = O(modr). 

Remark 23. // we set a = X = 1, b = c = e and ^ = — 1, then lj^4 ■ 25\ ) and ( [^ . 2b] ) reduce to 
and (J^. 

Remark 24. Walum [53] defined multiplication formula for periodic functions as follows: 

mf{y^) = yj(^ + -), (4.27) 



y 



where f is periodic with period 1 and j{y) under the summation sign indicates that j runs 
through a complete system of residues mody. 

Formulas ^.2^ , i4-21\) and other multiplication formulas related to periodic functions and 
normalized polynomials occur in FraneVs formula, in the theory of the Dedekind sums and 
Hardy-Berndt sums, in the theory of the zeta functions and L-functions and in the theory of 
periodic bounded variation, cf. [5], [53] ). 

4.2. Generalized Eulerian type numbers and polynomials attached to Dirichlet 
character. In this section, we construct generating function, related to nonnegative real 
parameters, for the generalized Eulerian type numbers and polynomials attached to Dirichlet 
character. We also give some properties of these polynomials and numbers. 



Definition 6. Let x be the Dirichlet character of conductor f E N. Let x G M, a,b E 

{a b), X E C and u E C\ {1}. The generalized Eulerian type polynomials 'Hn,x{x^ ^'^ '^^ c; A) 
are defined by means of the following generating function: 

Tx,x{^, x; u, a, 6, c) = > -j— = > H„,;^(x; u; a, 6, c; A)— (4.28) 

~: A'' bJ^ — w ~, n\ 

j=0 n=0 

with, of course 

Un,x{^; u; a, b, c; A) = Hn,x{u; a, b, c; A), 
where 'Hn,x{'^'i o.-, b, c; A) denotes generalized Eulerian type numbers. 

Remark 25. In the special case when a = X = 1 and b = c = e, the generalized Eulerian 
type polynomials ^{^^^(a;; m; a, 6, c; A) are reduced to the Frobenius Euler polynomials which 
are defined by means of the following generating function: 

^ (i-u/)xOV-'-e'y)^' f.,, ,r 

j=0 n=0 

cf- (^[51] ■ [21] ■ [i5] ■ [39] . [iO] ■ [17] j. Substituting u = —1 into the above equation, we have 
generating function of the generalized Euler polynomials attached to Dirichlet character with 
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odd conductor: 



cf. m, m, m, m)- 

Combining (14. ip and f l4.28p . we obtain the following functional equation: 

/-I ■ 
J'x,xit, X] M, a, 6, c; ) = ^ xUW'^'^F^fift, ^' c)- 

i=o 

By using the above functional equation we arrive at the following Theorem: 
Theorem 18. 

/-I . 

'Hn,x{x; u; a, b, c; A) = ^ xUW'^'^'Hni—^; u^; a, b, c; A-''). 

3=0 •' 

Theorem 19. 

^{u; a, b, c; A). 

3=0 ^ ^ 

Proof. By using fl4.28p . we get 



^Hn.xi.u] a,b,c; A)— ^(xlnc)"— = ^'H„,^(a;; u; a,b,c; A) — , 

n=0 n=0 n=0 



From the above equation, we obtain 



X] 5Z ( n ) {x\nc)''~^nj,x{u;a,b,c;X] — = ^Hn,x{x;u;a,b,c;X) — . 

n=0 \j=0 ^ / / n=0 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

4.3. Recurrence relation for the generalized Eulerian type polynomials. In this 
section we are going to differentiate f l4.ip with respect to the variable t to derive a recurrence 
relation for the generalized Eulerian type polynomials. Therefore, we obtain the following 
differential equation: 

—Fx{t,x;u,a,b,c) = (\na) Fx{t,x;u,a,b,c) + —-fBix,l,b,c; -;!) 
ot t u 

In (6-^) A 

-Fx{t, x; u, a, b, c)/ij(l, l,b,b; -; 1) 



Ut U 

+ In (c^) Fx(t, x; u, a, b, c). 

By using this equation, we obtain a recurrence relation for the generalized Eulerian type 
polynomials by the following theorem: 
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Theorem 20. Let n eN. We have 

nT-Ln(x;u;a,b,c; \) = (In a) ( nHn-iix^u; a, b,c; X) + ^.Jx] a, b, c] 

V u 

Xlnb f n \ ^, , , X 



u 

j=0 



^ V i J ^' ^' ''^^^"-J*^-^' ^' 



+ (In (c™)) Un-iix] u; a, 6, c; A), 

where A; a, 6, c) denotes the generalized Bernoulli polynomials of order 1. 

Remark 26. When a = X = 1 and b = c = e, the recurrence relation for the generalized 
Eulerian type polynomials is reduced to 

I ^ / ji \ 1 
nHn{x]u) = nxHn-i{x;u) - -^^^[^ . j Hj{x;u)Bn-j{^; -)■ 



5. New identities involving families of polynomials 

In this section, we derive some new identities related to the generahzed Bernoulh polyno- 
mials and numbers of order 1, the Eulerian type polynomials and the generalized array type 
polynomials. 

Theorem 21. The following relationship holds true: 

" / \ b b 

A; a,b,b) = ^ i . j l-ij{x] A"^ a, -, -; l)^„__j(x - 1; A; 1, a, a). 

Proof. 

r fta('^-'^'\ ({a'-X-'){!^f 



E^n{x;X;a,b,b)- , - . , , , , ,,, ^ ^ 
Combining ( I4.17P and (14. ip with the above equation, we get 



'■^ °° t" °° b b t^ 

23„(x; A; a, 6, 6)— = ^„(x - 1; A; 1, a, a)— Knix; A~^; a, -, -; 1) — . 

n=0 n=0 n=0 



Therefore 



^ <Bn(a;; A; a, 6, 6)— = ^ ^ I ) 'Hj(x; A"^ a, -, -; l)<B„_j(a; - 1; A; 1, a, a) — . 



n=0 n=0 \j=0 



Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 



result. □ 

Relationship between the generalized Bernoulli numbers and the Frobenius Euler numbers 
is given by the following result: 
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Theorem 22. The following relationship holds true: 



^niX;a,b) = ( ; ) J {\na-r-' (in (^))' ^.-i (A"^) • (5-1) 



j=0 

Proof. By using f l4.17p . we obtain 

r to"* / 1 - A"^ 



'n! A - 1 _ \-i 

From the above equation, we get 



n=0 n=0 ^ \ / / n=0 

Therefore 



n=0 n=0 \j=0 ^ ' / 

Comparing the coefficients of ^ on both sides of the above equation, we arrive at the 



desired resuh. □ 
Remark 27. By substituting a = 1 and b = e into ( f5. we have 



71 

Bn{\) = ^^n-l(A-^), 



cf m- 



Relationship between the generahzed Eulerian type polynomials and generalized array 
type polynomials are given by the following theorem: 

Theorem 23. The following relationship holds true: 

«„(x.; «; a, M; A) = f: f i: ( ^^^^^^^^^(-^ «• 

fc=0 m=0 d=0 ^ / V / 

Proof. From (14. ip . we obtain 



^^/^(a;; m; a, 6, c; A)— = 

■n=n h—n N / 



LXt 



n=0 fc=0 

Combining (13. 3 p with the above equation, we get 

y^ 'Hn{x;u;a,b, b; A)— = — r a, &; A) — . 

From the above equation, we get 



n=0 n=0 fc=0 U yi —j 
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Now we assume 



< 1 in the above equation; thus we get 
y^'Hn{x;u;a,b, b; A) — 

n=0 



oo oo oo 

= EEE 

n=0 fc=0 m=0 

Therefore 

— 



m + k-l\ k\Sl{x-aM>^)cr't'^ 



E'Hnix;u;a,b,b; A)- 

n=0 

i:(f:i:i:("'^rO(:)^*:«.M)^)S. 



n=0 \fc=0 m=0 d=0 



Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 



result. □ 

Remark 28. Substituting a = 1 into the above Theorem and noting that d = n, we deduce 
the following identity: 

Unix; u; 1, b, 6; A) = > TTT'^fc (x; 1, b; A) 

^ — ^ M — 1 r 

A:=0 ^ ' 

which upon setting A = 1 and b = e, yields 



^ A;' 
Hn{x;u) = }^ SUx) 



k=0 ^ ' 

which was found by Chang and Ha [121 Lemma 1] . 

6. Relationship between the generalized Bernoulli polynomials and the 

generalized array type polynomials 

In this section, we give some apphcations related to the generalized Bernoulli polynomials, 
generalized array type polynomials. We derive many identities involving these polynomials. 
By using same method with Agoh and Dilcher's fT], we give the following Theorem: 

Theorem 24. 



t / ^ n! 

' n=0 \ k / 

Proof. Combining (13. 3 p and (13. 2p . we get 



) 1 . _ t.\ 



n=0 

oo 



n=0 
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From the above equation, we arrive at the desired result. □ 



Remark 29. By setting x = 0,a = X = l and b = e, Theorem 24 yields the corresponding 
result which is proven by Agoh and Dilcher [Ij . 

Theorem 25. 

+ ^) pi^ pFn^ 

= E / li \ b; A) (in {b'') (ln(6))"-^- - In {a') (ln(a))"-^) . 

Proof. By differentiating both sides of equation (16. ip with respect to the variable t, after 
some elementary calculations, we get the formula asserted by Theorem [251 D 

Theorem 26. T/ie following relationship holds true: 

n \ I n + k — 1 



E\ J / \ ^ ^ I ' I h 
. . SI {x;a,b;X)^n-j{yA;a,b,b). 
J + K 



3=0 

Proof. We set 



k 



XU - a* 

Combining (16. ip and ( I4.2ip with the above equation, we get 

2^ T^^TATn = 2^ ^^%2^ — — 

n=0 V fc-1 / ■ n=0 ' n=0 \ k ) 

Therefore 

( ( ^\ \ 

^ S^^^-\x + y;a,b;X)t 



(n+k-l\ ^ ~ 2^ 

n=0 V fc-1 / ■ n=0 



Comparing the coefficients of ^ on both sides of the above equation, we arrive at the desired 
result. □ 

Remark 30. By setting x = y = 0,a = X = l and b = e, Theorem{2B yields the correspond- 
ing result which is proven by Agoh and Dilcher [1] . 

Theorem 27. The following relationship holds true: 

n 

+ y- A; a, 6, 6) = ^ / ^ \ a, 6; A)®l"2^.(y; A; a, 6, b). 



j=0 



New Generating Functions of the Stirling numbers, Frobenius-Euler and Related polynomials 27 

Proof. We set 



A6* - a* 
T 



LXt 



t 



W - a* 



t 



(6.2) 



Combining (16. ip and fl4.17p with the above equation, by using same calculations with the 
proof of Theorem [26| we arrive at the desired result. □ 

7. Application of the Laplace transform to the generating functions for 

THE generalized BERNOULLI POLYNOMIALS AND THE GENERALIZED ARRAY TYPE 

POLYNOMIALS 

In this section, we give an application of the Laplace transform to the generating function 
for the generalized Bernoulli polynomials and the generalized array type polynomials. We 
obtain interesting series representation for the families of these polynomials. 

By using (16. 2p . we obtain 



5^ ^i"-") (A; a, 6, 6) 



't(y—x) In b 



n=0 



E 

n=0 



I 



E 

j=0 



n + V 

V 



-ty In h 



J 



Integrate this equation (by parts) with respect to t from to cxd, we get 
<B',r'>(\-,a,b,b) r„ 



E 

ri=0 



E 

n=0 



( 



n 

n\ ^ 



v 



3=0 



n + V 

V 



■Si+'ix;a,b; A)Q52,(A; a, 6, 6) 



J 



By using Laplace transform in the above equation, we arrive at the following Theorem: 
Theorem 28. The following relationship holds true: 



(In 6^"^)"+-'^ ^-^ ^-^ 



n=0 



n=0 j=0 



n 
j_ 

n + V 

V 



Si+\x-a,b- X)^^:hX-a,b,b) 



[inby) 



n+l 



Remark 31. When a = X = 1 and b = e, Theorem\2E is reduced to the following result: 



E " _ \^ \^ 

n=0 ' n=Q j=0 



st\x)B^:i^ 



n + V 

V 



,n+l 
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8. Applications the p-adic integral to the family of the normalized 
polynomials and the generalized a- stirling type numbers 

By using the p-adic integrals on Zp, we derive some new identities related to the Bernoulli 
numbers, the Euler numbers, the generalized Eulerian type numbers and the generalized 
A-Stirling type numbers. 

In order to prove the main results in this section, we recall each of the following known 
results related to the p-adic integral. 

Let p be a fixed prime. It is known that 



li^{x + p Zp) - ^^^^ 

is a distribution on Zp for g G Cp with \ 1 — q |p< 1, cf. [19]. Let UD (Zp) be the set of 
uniformly differentiable functions on Zp. The p-adic g-integral of the function f E UD (Zp) 
is defined by Kim [19] as follows: 



f 1 



where 



l-q 

From this equation, the bosonic p-adic integral (p-adic Volkenborn integral) was considered 
from a physical point of view to the bosonic limit q ^ 1, as follows ([19]): 



/I 
f (x) dfi^ (x) = lim — V / (a:) , (8.1) 
™ ^ x=0 

where 

Ml (a: + P%) = 

The p-adic g-integral is used in many branch of mathematics, mathematical physics and 
other areas cf. ([2], [H], [21], [SZ], [SB], [H], [12], [IZ], [S2]). 

By using (18. ip . we have the Witt's formula for the Bernoulli numbers S„ as follows: 

y (x) = (8.2) 

cf. ([2], [19], [20], [22], [37], [52]). 

We consider the fermionic integral in contrast to the convential bosonic, which is called 
the fermionic p-adic integral on Zp cf. |20J. That is 

/ / [x) d^i_, {x) = lim J2 i-^T f i^) (8.3) 
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where 

cf. [20]. By using (18. 3p . we have the Witt's formula for the Euler numbers En as follows: 

J x'^dfi.^ (x) = En, (8.4) 

cf. m, m, m, m)- 

The Volkenborn integral in terms of the Mahler coefficients is given by the following 
Theorem: 



Theorem 29. Let 



j=0 

Then 



/(a:) = f;a, (^ ^ ^ eUD{Z,) 



/oo 
f{x)dfi^ (x) = 
A—rx 



~ (_1). 
a, 

i=o -J 



Proof of Theorem [29] was given by Schikhof [37J. 
Theorem 30. 

Proof of Theorem [221 was given by Schikhof [37] . 
Theorem 31. The following relationship holds true: 



Proof. If we substitute a = A = 1 in Theorem [3], we have 



(ln6T = E(^)^'''5("^'^''l'^5 



!)• 



i=o 

By applying the jo-adic Volkenborn integral with Theorem [30] to the both sides of the above 
equation, we arrive at the desired result. □ 

Remark 32. By substituting 6=1 into liS. 5\) . we have 

j=o ^ 

where S{m,j) denotes the Stirling numbers of the second kind cf. (|11]. |15] . |23] ). 
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Theorem 32. The following relationship holds true: 



(Ina)"-^' [In cy B, - M(lnc)"S„ 

j=0 

( . j (IncY a, 6, c; A) + In — uHn-jiu] a, 6, c; A)j Sj. 



j=0 

Proof. By using Theorem [10], we have 



(In a)""^' (In - u{\Yi c)"x" (8.6) 
( . j (In cY ^A (?/(«; a, b, c; A) + In — uHn^j{u] a, b, c; A) 



j=0 

By applying Volkenborn integral in (18.1 p to the both sides of the above equation, we get 



x^ dfi{x) — u{\nc)^ / x"dn{x) 



= ( . j (Inc)'' ^A (T-Li^u; a, b, c; A) + In 6)"""' — uHn~j{u] a, 6, c; A)j / x^dfx{x). 

By substituting (18. 2 p into the above equation, we easily arrive at the desired result. □ 

Remark 33. By substituting b = c = e and a = A = 1 into Theorem\3^ we arrive at the 
following nice identity: 

Theorem 33. The following relationship holds true: 
J2 (Ina)""^' (Inc)^' Ej - w(lnc)"E„ 

= ^ i^.j (In c)-' ^A ('H(m; a, 6, c; A) + In b)"'^-' — u7in~j{u; a, b, c; A) j -E^ . 

Proof. Proof of Theorem [551 is same as that of Theorem [521 Combining (18.30 . (18. 6 p and (18. 4p . 
we easily arrive at the desired result. □ 

Remark 34. By substituting b = c = e and a = X = 1 into Theorem ISR we arrive at the 
following nice identity: 
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